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This paper is concerned with the analysis of a particle-ﬂuid suspension model for the axi-symmetric ﬂow
of blood through curved coaxial tubes where the outer tube with mild overlapping stenosis while the
inner tube is uniform rigid representing catheter. The governing equations written in rectangular toroidal
coordinates and the problem is formulated using a perturbation expansion in terms of a variant of
curvature parameter to obtain explicit forms for the axial velocities of ﬂuid and particulate phases, the
stream function, the resistance impedance, pressure drop and the wall shear stress distribution also the
results were studied for various values of the physical parameters, such as the curvature parameter ε, the
radius of catheter s, the volume fraction density of the particles C, the taper angle f and the maximum
height of stenosis d*. The obtained results show that there is a signiﬁcant deference between curvature
and non-curvature annulus ﬂows through catheterized stenosed arteries. This study provides a scope for
estimating the inﬂuence of the problem parameters on different ﬂow characteristics and to ascertain
which of the parameters has the most dominating role.
© 2015 Karabuk University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The detection of atherosclerotic lesions at an early stage of the
disease,whichmeansonlyminimalnarrowingof thearterial lumen, is
of high clinical interest. These vessels pose grave health risks and are a
major cause of mortality and morbidity in the industrialized world.
Narrowing of a blood vessel, or stenosis, is deﬁned as a partial occlu-
sion of the blood vessels due to the accumulation of cholesterol, fats
and the abnormal growth of tissue [1]. Stenosis is one of the most
frequent anomaly in blood circulation, and once the construction is
formed, the blood ﬂow is signiﬁcantly altered and ﬂuid dynamical
factors play important roles as the stenosis continues to enlarge
leading to the development of cardiovascular diseases such as heart
attack and stroke. The physiological importance of studies pertaining
to the variation of the resistance toﬂowand thewall shear stresswith
the axial distance and the depth of the stenosis were discussed by
many authors [2e5]. The use of catheters is of immense importance
and has become a standard tool for diagnosis and treatment ins, Faculty of Science, Al-Azhar
S. Mekheimer), m_aaosman@
ersity.
d hosting by Elsevier B.V. This is amodern medicine. A catheter is made of polyester based thermo-
plastic polyurethane, medical grade polyvinyl chloride, etc. Catheters
are also being used in diagnostic techniques (e.g. X-ray angiography,
intravascular ultrasound). For the purpose of ﬂexible PVC materials
containingaddedplasticizers areused in catheterswhichenable them
to move through the branches or curved paths of the circulatory
system. In routine clinical studies and animal experiments, the mea-
surement of arterial blood pressure/pressure gradient and ﬂow ve-
locity/ﬂow rate is usually achieved by the use of an appropriate
catheter-tool device (such as a catheter-transducer system or a cath-
eter tip ﬂowmeter) in the desired part of the arterial network.
In balloon Angioplasty, inﬂatable balloon catheters is widely used
toclearshortocclusionsdue totheatherosclerosis.Also, thecatheter is
carefully guided to the location at which stenosis occurs in the coro-
nary arteries and the balloon is then inﬂated to fracture the fatty de-
posits and widen the narrowed portion. An inserted catheter in an
artery will increase the impedance and will modify the pressure dis-
tribution and alter theﬂowﬁeld. Consequently, the pressure recorded
by the attached transducer to the catheter will differ from that of an
uncatheterized artery. An estimate of catheter induced error to have
an accurate pressure reading is therefore essentially required.
Recently, there has been a considerable increase in the use of
catheters of various sizes. It has been shown that, by reducing then open access article under the CC BY-NC-ND license (http://creativecommons.org/
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pressure drop Dp is reduced (Anderson et al., 1986) [2] and the
coronary blood ﬂow as well as the coronary ﬂow reserve is
increased (Wilson et al., 1988) [3]. The magnitude of mean trans-
lational pressure drops Dp is often used by clinicians to gage the
severity of the lesion.
Blood is amarvelousﬂuidwhichnurtures life. Forover a couple of
centuries, the theoretical and experimental studies of blood ﬂow
through the circulatory system of living mammals, has been the
subject of scientiﬁc research. The experimental observations and the
theoretical analysis of blood ﬂoware very useful for the diagnosis of
a number of cardiovascular diseases and development of patho-
logical patterns in animal or human physiology. Mathematical
modeling of blood ﬂowhas been subject tomodiﬁcations in order to
account for the new evidences uncovered through the improved
initial experimental observations [6]. Moreover, the continuum
theory of mixtures (particulate suspension) is applicable to the hy-
drodynamics of biological systems, because it provides an improved
understanding of diverse subjects such as diffusion of proteins, the
rheology of blood, swimming of microorganisms and particle
deposition in the respiratory tract. Being a suspension of corpuscles,
at low shear rate, blood behaves like a non-Newtonian ﬂuid.
Also, it is well known from the investigations of Haynes [4] and
Cokelet et al. [5] that blood can no longer be treated as single-phase
homogeneous viscous ﬂuid while ﬂowing through narrow arteries
(of diameter  1000 mm). Srivastava and Srivastava (1983) [6]
observed that the individuality of red cells (of diameter 8 mm) is
important, even in such large vessels of diameter up to 100 cell
diameter. Thus, for an accurate description of blood ﬂow requires
the consideration of erythrocytes (red cells) as discrete particles in
small blood vessels, i.e., a two-phase ﬂuid, where, the particulate
phase is the red blood cells and the ﬂuid phase is the plasma [7,8].
The study of ﬂow in a curved tubewith constriction has possible
applications to blood ﬂow in stenotic arteries-constricted arteries.
As amatter of fact, Identiﬁcation of the local vascular geometry and,
consequently, a detailed proﬁle of intravascular hemodynamics,
may be valuable in the management of coronary patients. Previous
research has shown that arterial bends and bifurcations have a sig-
niﬁcant impact on the hemodynamic factors. Extensive clinical and
computational studies have been performed to investigate ﬂuid
dynamics inbifurcations andcurvedarteries. Liu et al. [9] studied the
effects of stenosis in curved arteries. They found complex, disturbed
ﬂow distal to plaque that may contribute to the development of
current lesions or genesis of newplaques.Moreover, the geometryof
most physiological conduits and glandular ducts is curved. Model of
microwrinkles on human skin also requires a curved geometry. The
geometry of the airways and the arterial network produces swirling
ﬂows, similar to the ﬂows found in curved or twisted pipes [10,11].
The important contributions of recent years to the topic are
referenced in the literature [12e16]. Many of researches about arte-
riosclerotic development indicate that the studies are mainly con-
cernedwith thesingle symmetricandnon-symmetric stenoseswhile
the stenoses may develop in series (multiple stenoses) or may be of
irregular shapes or overlapping or of composite in nature. Some
studies considered an overlapping stenosis in the blood vessel
segment. Chakravarty and Mandal [17] noted that the problemRðz; tÞ ¼
"
ðmzþ RoÞ  dcosfLo ðz dÞ
(
11 94
3Lo
ðz dÞ þ 32
L2o
ðz dÞ2 
¼ ðmzþ RoÞUðtÞbecomesmore acute in the presence of anoverlapping stenosis in the
artery instead of a mild one. The effect of vessel tapering is another
important factor that was considered. Chakravarty and Mandal [18]
formulated the problem on tapered blood vessel segment having
an overlapping stenosis. Ismail et al. [19] studied the power-law
model of blood ﬂow through an overlapping stenosed artery where
an improvedshapeof the time-variant stenosis in the taperedarterial
lumen is given and the vascular wall deformability is taken to be
elastic (moving wall). Recently, Mandal [20] investigated the un-
steady analysis of non-Newtonian blood ﬂow through tapered ar-
terieswith a stenosis.Mekheimer et al. [21] analyzed the effect of the
induced magnetic ﬁeld on blood ﬂow through an anisotropically
tapered elastic arteries with overlapping stenosis in an annulus.
Mekheimer et al. [22] investigated the inﬂuenceof heat andchemical
reactions onmicropolar ﬂuid through anisotropically tapered elastic
artery with overlapping stenosis. Mekheimer and El Kot [23] pre-
sented a mathematical modeling of unsteady ﬂow of a Sisko ﬂuid
through an anisotropically tapered elastic arteries with time-variant
overlapping stenosis. More investigations for the blood ﬂow through
a stenosed arteries can be found in [24e33].
With theabovediscussion inmind, thegoalof this investigation to
study the effect of catheterization on various physiologically impor-
tant ﬂow characteristics (i.e. pressure drop, impedance and wall
shear stress) as well as on the ﬂow patterns in a curved artery with
time-variant overlapping stenosis through a mathematical model.
The problem is ﬁrst modeled and then the non-dimensional gov-
erning equations for blood (particulate suspension model, i.e., a
suspension of erythrocytes in plasma) are formulated in rectangular
toroidal coordinates. The non-dimensional governing equations in
the case ofmild stenosis and the corresponding boundary conditions
are prescribed then solved analytically for the axial velocity. The re-
sults are used to obtain the estimates of increased pressure drop
across a coronary artery stenosis during catheterization. In addition,
many interesting ﬂuid mechanical phenomena, i.e. streamlines due
to the combined action of stenosis and curvature, are brought out in
this paper. Finally, the main ﬁnding of the results is summarized as
concluding remarks. The insight thus gainedmaybeuseful in relating
the results of laboratory investigations of endothelial behavior under
different shear stress conditions to clinical observations and will
provide a foundation for future studies of local shear stress, plaque
behavior, and ultimately, clinical cardiovascular events.
2. Mathematical formulation
2.1. Flow geometry
Consider the particle-ﬂuid suspension model of blood ﬂowing
through a curved artery of ﬁnite length Lwith overlapping stenosis.
The mathematical formulation model of the curved artery as a rigid
circular tube of radius Ro coiled in the form of a circle of radius b and
the catheter as a coaxial rigid tube with radius sRo with s < 1. It is
assumed that the stenosis has developed in an axi-symmetric
manner due to some abnormal growth over a length 3Lo=2 of the
artery and the geometry of arterial wall with time-variant over-
lapping stenosis for different taper angles (see Fig. 1) is written
mathematically as [19].32
3L3o
ðz dÞ3
)#
UðtÞ d  z  dþ 3Lo
2
otherwise;
(1)
Fig. 1. Schematic diagram of curved overlapping stenosed artery.
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the constricted region, f is the angle of tapering, d is the location of
the stenosis, dcosf is taken to be the critical height of the over-
lapping stenosis andm¼ (tanf) represents the slope of the tapered
vessel. We can explore the possibility of different shapes of the
artery viz, the converging tapering (f < 0), non-tapered artery
(f ¼ 0) and the diverging tapering (f > 0) [23]. The time-variant
parameter U(t) is taken to be
UðtÞ ¼ 1 aðcosut  1Þexp½aut; (2)
where a is a constant, u represents the angular frequency of the
forced oscillation and t is the time.
2.2. Co-ordinate system
Fig. 2 shows that the system of toroidal coordinates (r, q, f) used
to analyze the ﬂow ﬁeld in the geometry mentioned above where B
is the center of the cross section of the tubewhichmakes an angle 4
with the ﬁxed axial plane and p is an arbitrary point in the cross
section whose polar coordinate is (r, q), oB is the length b, which is
the radius of curvature of the curved tube. The axial coordinate is
deﬁned by z ¼ b4.
2.3. Governing equations of motion
It is assumed that blood is represented by ﬂuid of suspension of
all the erythrocytes assumed to be a particle (red cell)-ﬂuid
(plasma) mixture. The equations governing conservation of mass
and liner momentum for both the ﬂuid and particle phase using a
continuum approach are expressed as:
Fluid phase:Fig. 2. The toroidal coordinates system for the ﬂow geometry.ð1 CÞrf

vVf
vt
þ Vf $VVf

¼ ð1 CÞVpþ ð1 CÞmsðCÞV2Vf
þ CS

Vp  Vf

;
(3)
ð1 CÞ

V$Vf

¼ 0; (4)
Particle phase
Crp

vVp
vt
þ Vp$VVp

¼ CVpþ CS

Vf  Vp

; (5)
C

V$Vp
 ¼ 0; (6)
where (Vf, Vp) are the velocity vectors of the ﬂuid and particulate
phases respectively, (rf, rp) are the actual densities of the materials
constituting ﬂuid and particulate phases respectively, (1  C)rf the
ﬂuid phase density, Crp the particulate phase density, p denotes the
pressure, C denotes the volume fraction density of the particles,
ms(C) is the particle ﬂuid mixture viscosity (also the effective vis-
cosity of the suspension ms(C) ¼ mo when C ¼ 0), mo is the ﬂuid
(plasma viscosity) and S is the drage coefﬁcient of interaction for
the force exerted by one phase on the other. The expression for the
drage coefﬁcient of interaction S and the empirical relation for the
viscosity of the suspension, ms(C) for the present problem is selected
as [8].
S ¼ 9
2
mo
a2o
h0ðCÞ; (7)
h0ðCÞ ¼ 4þ 3

8C  3C2	1=2 þ 3C
½2 3C2
; (8)
and
ms ¼ msðCÞ ¼
mo
1 qC ;
q ¼ 0:070exp


2:49C þ 1107
T
expð1:69CÞ

;
(9)
where ao is the radius of the particle and T is measured in absolute
temperature. Relation (8) represents the classical Stokes drage
modiﬁed to account for the ﬁnite particulate fractional volume
through the function h0(C), obtained by Tam [34] (1969). The
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tained by Charm and Kurland [35] (1974) has been found to be
reasonably accurate for the value of C up to 0.6. Charm and Kurland
tested relation (9) with a cone and plate viscometer and found to be
in agreement within 10% in the case of blood.
The boundary conditions are
Vf ¼ Vp ¼ 0 at r ¼ Rðz; tÞ and r ¼ sRo: (10)
Nowwe assume the velocity vectors Vf¼ (uf, vf,wf) and Vp¼ (up,
vp,wp) where (uf, up), (vf, vp) and (wf,wp) are the velocity ﬁelds in (r,
q, z) coordinates respectively.
Introducing the following non-dimensional variables
r¼Ror0; z¼Loz0; q¼q0; u¼uoLou
0; L¼LoL0; uf ¼
duo
Lo
u0f ;
vf ¼
duo
Lo
v0f ; wf ¼uow0f ; up¼
duo
Lo
u0p; vp¼
duo
Lo
v0p; wp¼uow0p;
d¼Lod0; t¼ Louot
0; R¼RoR0; p¼uoLomo
R2o
p0; ms¼mom0s; t¼
mouo
Ro
t0;
(11)
where uo is the velocity averaged over the section of the tube of
radius Ro, t is the shear stress, ε ¼ Ro=b is curvature parameter [31],
H ¼ 1 þ rεcos(q),M ¼ SR2o=ð1 CÞmo and N ¼ SR2orf =ð1 CÞrpmo are
the suspension parameters.
Using Eq. (11) and dropping the dashes, the solution of the ob-
tained equations are seems to be a formidable task due to the non-
linearity of convective acceleration terms. So, depending on the size
of the stenosis [36e38], certain terms in these equations are of less
importance than other. Therefore, by considering the case of a mild
stenosis and under the conditions, d ¼ d=Ro≪1, b ¼ Ro=Loxoð1Þ
[37,39], these equations are simpliﬁed to.
vwf
vz
¼ 0; (12)
vp
vr
¼ vp
vq
¼ 0; (13)
1
H
vp
vz
¼ ms
"
v2wf
vr2
þ 1
r
vwf
vr
þ 1
r2
v2wf
vq2
þ 1
H2
v2wf
vz2
 ε
2wf
H2
 εsinðqÞ
rH
vwf
vq
þ εcosðqÞ
H
vwf
vr
#
þ CM

wp wf

; (14)
rf
ð1 CÞNrp
1
H
vp
vz
¼

wf wp

: (15)
The corresponding boundary conditions (dropping dashes):
wf ¼ wp ¼ 0 at r ¼ Rðz; tÞ and r ¼ s: (16)
whereRðz;tÞ¼


ðmzþ1ÞdcosfðzdÞ

1194
3
ðzdÞþ32ðzdÞ232
3
ðz
¼ðmzþ1ÞUðtÞand m* ¼ Lom=Ro ¼ tanð4Þ represents the corresponding slope of
the tapered vessel.3. Solution of the problem
We can ﬁnd an approximate solution to the system of linear eqs.
(12e15) by using the perturbation method. Considering the cur-
vature parameter to be very small (ε≪ 1), the axial velocitieswf and
wp can be expressed in the following form:
wf ¼ wfoðrÞ þ εcosðqÞwf1ðrÞ þ ε2cos2ðqÞwf2ðrÞ þ…;
wp ¼ wpoðrÞ þ εcosðqÞwp1ðrÞ þ ε2cos2ðqÞwp2ðrÞ þ…;
(18)
subject to the ﬂuid pressure p is a function of z only from Eq.
(13), let us introduce Eq. (18) into Eqs. (12) and (15) also the
boundary conditions in Eq. (16) then equate the coefﬁcients of
the corresponding orders of zero, εcos(q) and ε2cos2(q) as follow:
dp
dz
¼ ms
"
v2wfo
vr2
þ 1
r
vwfo
vr
#
þ CM

wpo wfo

;

wfo wpo

¼ rfð1 CÞNrp
dp
dz
;
(19)
v2wf1
vr2
þ 1
r
vwf1
vr
wf1
r2
þ
 
r
v2wfo
vr2
þ 2 vwfo
vr
!
¼ 0;
wp1 ¼ wf1 þ r

wfo wpo

;
(20)
v2wf2
vr2
þ 1
r
vwf2
vr
 4
r2
wf1 þ
 
r
v2wf1
vr2
þ 2
r
wf1
!
¼ 0;
wp2 ¼ wf2 þ r

wf1 wp1

;
(21)
wfo ¼ wf1 ¼ wf2 ¼ wpo ¼ wp1 ¼ wp2 ¼ 0 at r ¼ R and r
¼ s:
(22)
After some straight forward calculations the solution of the axial
velocities with the corresponding boundary conditions will be in
the form
wf ðr;q;z;tÞ¼
dp
dz
32ð1CÞms


8

r2R2þalog
r
R

þ2εcosðqÞ

ðg12alogðrÞÞr3r3
g2
r

þε2 cos2ðqÞ

g3r
2þg4
r2
g2þ5r4þ3ar2 logðrÞ

;
(23)dÞ3

UðtÞ dzdþ3
2
otherwise;
(17)
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dp
dz
32ð1 CÞms


8

r2  R2 þ alog
r
R

 4msrf
NrP

þ 2εcosðqÞ

ðg1  2alogðrÞÞr  3r3 
g2
r
þ 16msrf
NrP
r

þ ε2cos2ðqÞ

g3r
2 þ g4
r2
 g2 þ 5r4
þ 3ar2logðrÞ  32msrf
NrP
r2

;
(24)
where the constant a(z) and the coefﬁcients gi(z) (i ¼ 1, 2, 3, 4) are
given by
a ¼

s2  R2
log

R
s
 ; g1 ¼ 3

R4  s4þ 2aR2logðRÞ  s2logðsÞ
R2  s2 ;
g2 ¼
R2s2

3

R2  s2

þ 2alog

R
s


R2  s2 ;
g3 ¼
g2

R2  s2

 5

R6  s6

 3a

R4logðRÞ  s2logðsÞ


R4  s4 ;
g4 ¼
g2R
2  g3R4  5R6  3aR4logðRÞ
R4  s4 :
(25)
The corresponding stream function (wf ¼ 1r vjvr with j ¼ 0 at
r ¼ s) is
jðr; q; z; tÞ ¼
dp
dz
16ð1 CÞms


r2  s2

r2 þ s2  2R2  a

þ 2a

r2log
r
R

 s2log
s
R

þ εcosðqÞ
45

ð15g1 þ 10aÞ

r3  s3

 45g2ðr  sÞ
 27

r5  s5

 30a

r3logðrÞ  s3logðsÞ

þ ε
2cos2ðqÞ
768

r2  s2

r2 þ s2

ð96g3  72aÞ
 192g2

þ 384g4log
r
s

þ 320

r6  s6

þ 288a

r4logðrÞ  s4logðsÞ

:
(26)
Using Eq. (23), the expression for the dimensionless wall shear
stress is given bytR¼ms
vwf
vr

r¼R¼
dp
dz
32ð1CÞ ½8

2Rþa
R

þ2εcosðqÞðg1þ
g2
R2
9R22aThe total ﬂux between the coaxial tubes
q ¼ qf þ qp; (28)
qf ¼
dp
dz
8ms
2
664R4  s4 þ

R2  s22
log

R
s
  εcosðqÞ
45

ð15g1 þ 10aÞ


R3  s3

 45g2ðR sÞ  27

R5  s5

 30a

R3logðRÞ  s3logðsÞ

þ ε
2cos2ðqÞ
768

R2  s2



R2 þ s2

 ð96g3  72aÞ  192g2

þ 384g4 log

R
s

þ 320

R6  s6

þ 288a

R4logðRÞ  s4logðsÞ
3775;
(29)
qp ¼
C dpdz
8ð1 CÞms
2
664R4  s4 þ

R2  s22
log

R
s
 þ A
C

R2  s2

 εcosðqÞ
45


ð15g1 þ 10aÞ

R3  s3

 45g2ðR sÞ  27

R5  s5

 30a

R3logðRÞ  s3logðsÞ

þ 30A
C

R3  s3

 ε
2cos2ðqÞ
768


R2  s2

R2 þ s2

ð96g3  72aÞ
 192g2

þ 384g4log

R
s

þ 320

R6  s6

þ 288a

R4logðRÞ  s4logðsÞ

 384A
C

R4  s4
3775;
(30)
andð1þ logðrÞÞþ ε2cos2ðqÞ

2g3R
2g4
R3
þ20R3þ6að1þRlogðRÞÞ

(27)
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dp
dz
8ð1 CÞms
2
664R4  s4 þ

R2  s22
log

R
s
 þ AR2  s2 εcosðqÞ
45


ð15g1 þ 10aÞ

R3  s3

 45g2ðR sÞ  27

R5  s5

 30a

R3logðRÞ  s3logðsÞ

þ 30A

R3  s3

ε
2cos2ðqÞ
768


R2  s2

R2 þ s2

ð96g3  72aÞ  192g2

þ 384g4log

R
s

þ 320

R6  s6

þ 288a

R4logðRÞ
 s4logðsÞ

 384A

R4  s4
3775;
(31)
where qf ¼ 2ð1 CÞ
R R
s
rwf dr , qp ¼ 2C
R R
s
rwpdr and A ¼ 8Cð1CÞmomsR20S .Since q is constant for all sections between the two concentric
tubes. The pressure drop across the length of the overlapping ste-
nosis is
Dp ¼
ZL
0

vp
vz

dz ¼ q
ZL
0
Fðz; tÞdz; (32)
whereFðz; tÞ ¼
2
664R4  s4 þ

R2  s22
log

R
s
 þ AR2  s2 εcosðqÞ
45


ð15g1 þ 10aÞ

R3  s3

 45g2ðR sÞ  27

R5  s5

 30a

R3logðRÞ
 s3logðsÞ

þ 30A

R3  s3

 ε
2cos2ðqÞ
768


R2  s2

R2 þ s2

ð96g3  72aÞ  192g2

þ 384g4log

R
s

þ 320

R6  s6

þ 288a

R4logðRÞ  s4logðsÞ

 384A

R4  s4
3775
1
:
(33)The resistance to ﬂow (resistance impedance) experienced by
the ﬂowing blood in the arterial segment under consideration using
Eq. (32) may be deﬁned as
l ¼ Dp
q
¼ 8ð1 CÞms
2
664
Zd
0
Iðz; tÞdzþ
Zdþ32
d
Fðz; tÞdzþ
ZL
dþ32
Iðz; tÞdz
3
775;
where Iðz; tÞ ¼ Fðz; tÞ

R¼ðmzþ1ÞUðtÞ
.4. Graphical results and discussion
Computer codes are developed to evaluate the analytic results
obtained for the axial velocity of ﬂuid wf, the resistance impedancel and the wall shear stress distribution tR. In order to observe the
quantitative effects of the curvature parameter ε, the radius of
catheter s, the volume fraction density of the particles C, the taper
angle f and the maximum height of stenosis d*, we use the
following experimental data [19].d ¼ 0.75; Lo ¼ 1; L ¼ (3, 4, 5);
C ¼ (0, 0.1, 0.2, 0.3, 0.4, 0.6);ε ¼ (0, 0.1, 0.2, 0.3, 0.4); d* ¼ (0, 0.05,
0.06, 0.07, 0.1, 0.2); s ¼ (0.1, 0.15, 0.2);f ¼ (0, 0.02, 0.05,
0.1, 0.02, 0.05, 0.1); T ¼ 25.5 Co; mo ¼ 1.24 cp;ao ¼ 0.05 mm;
a ¼ 0.1; u ¼ 7.854.
Fig. 3a and b indicate how the axial velocity of ﬂuid wf is
inﬂuenced by the volume fraction density of the particles (he-
matocrit) C and the radius of catheter s by ﬁxing the other pa-
rameters. We can see that, the axial velocity decreases by
increasing the volume fraction density of the particles C and the
radius of catheter s. The parabolic nature of the axial velocity is
seen in the annular space between the artery and the catheter
walls. So, the value of axial velocity is higher for a Newtonian ﬂuid
(C ¼ 0) than that for a particle-ﬂuid suspension model (C s 0).
Further the transmission of axial velocity curves is higher for non-
curvature artery (ε ¼ 0) than that for curvature one (ε s 0).
The wall shear stress is important in understanding the devel-
opment of arterial disease because of the strong correlation be-
tween the localization of arteriosclerosis (stenosis) and arterial
wall. The magnitude of the wall shear stress curve in the stenotic
region (0.75  z  2.25) starts decreasing at the onset of the ste-
nosis (the location of stenosis) (z ¼ 0.75) until its ﬁrst maximum
constriction (at the throat) (z ¼ 1) then it increases steeply to reach
the middle point of the constriction (z ¼ 1.5) where at the middle
point the curve repeats its form again until its second maximum
constriction (at the throat) (z ¼ 2) where the distance between twomaximum constrictions is equal to one (Lo ¼ 1), ﬁnally the curve
increase gradually to reach the end point of the constriction (z¼ 2).
This is in good agreement with the physical situation of overlapping
stenosis (see Figs. 4 and 5). The wall shear stress distribution tR in
the stenotic region possess the inverse variation in the axial ve-
locity of ﬂuid wf with respect to the volume fraction density of the
particles Cwhile it has the same variationwith respect to the radius
of catheter s (see Fig. 4).
The variation of the wall shear stress distribution tR in the ste-
notic region for different values of the maximum height of stenosis
d* and taper angle f is shown in Fig. 5a and b. It is observed that the
wall shear stress distribution decreases by increasing the
maximum height of stenosis d* also themagnitude of thewall shear
stress distribution is higher in the case of no-stenosis (d* ¼ 0)
(uniform artery) than that in the case of stenosed arterial. The effect
of vessel tapering together with the shape of stenosis on the blood
Fig. 3. Variation of axial velocity of ﬂuid wf with r for different values of C and s at t ¼ 0.5, z ¼ 1.2, d* ¼ 0.01, f ¼ 0, ε ¼ 0.1, q ¼ 0 (panels (a) and (b) respectively).
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deserve special attention. The tapering is a signiﬁcant aspect of
mammalian arterial system. Thus, in this paper, we are interested in
the ﬂow through a tapered artery with stenosis. In an actual situ-
ation, the arterial wall thickness has not uniform shape, sowe show
the inﬂuences of the diverging, converging and non-tapering
arterial on the wall shear stress. It is clear that the curves through
the diverging tapered artery f ¼ 0.1 (>0) are higher than those in
the non-tapered artery (f ¼ 0) and the converging tapered artery
f ¼ 0.1 (<0).Fig. 4. Variation of wall shear stress distribution tR with z for different values of C a
Fig. 5. Variation of wall shear stress distribution tR with z for different values of d* aFigs. 6 and 7 illustrate the variation of the resistance to ﬂow
(resistance impedance) with the maximum height of stenosis d* for
different values of the volume fraction density of the particles C, the
radius of catheter s, the taper angle f and the length of the artery L.
It observed that the resistance impedance has the same possess to
the wall shear stress with respect to the volume fraction density of
the particles C and the radius catheter s while it gives the reverse
trend of the wall shear stress with respect to the taper angle f
where the values of resistance are higher for converging tapering
artery f ¼ 0.02 (<0) rather than both the diverging taperingnd s at t ¼ 0.5, d* ¼ 0.2, f ¼ 0, ε ¼ 0.1, q ¼ 0 (panels (a) and (b) respectively).
nd f at t ¼ 0.5, C ¼ 0.2, s ¼ 0.2, ε ¼ 0.1, q ¼ 0 (panels (a) and (b) respectively).
Fig. 6. Variation of the resistance impedance l with d* for different values of C and s at t ¼ 0.5, L ¼ 3, f ¼ 0, ε ¼ 0.3, q ¼ 0 (panels (a) and (b) respectively).
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conclude that more blood can ﬂow freely through diverging vessel,
which has less effect of resistance. we can decide that the value
resistance impedance decrease by increasing the length of the ar-
tery this means the value of resistance to ﬂow experienced by the
ﬂowing blood in the arterial segment is higher for small arteries
that than for large arteries also we can indicated that resistance to
ﬂow increases by increasing the maximum height of stenosis andFig. 7. Variation of the resistance impedance l with d* for different values of f and
Fig. 8. Variation of wall shear stress distribution tR and the resistance impedance l with
respectively).the smallest value of resistance impedance occur in the case of no-
stenosis (d* ¼ 0) (uniform artery).
Fig. 8a indicate that the wall shear stress and resistance
impedance proﬁles with the time t have a periodic oscillation form
and there are three time cardiac cycles where the length of the
cycle is equal to 1.6 approximately. In the ﬁrst cycle, the magnitude
of the wall shear stress starts increasing to reach its maximum then
starts decreasing to reach its minimum then repeat its form again toL at t ¼ 0.5, s ¼ 0.2, C ¼ 0.2, ε ¼ 0.3, q ¼ 0 (panels (a) and (b) respectively).
t for different values of C at ε ¼ 0.3, s ¼ 0.2, L ¼ 3, f ¼ 0, q ¼ 0 (panels (a) and (b)
Fig. 9. Variation of pressure drop Dp with curvature parameter ε and ﬂow rate q for different values of C at t ¼ 0.5, L ¼ 3, d ¼ 0.05, f ¼ 0, s ¼ 0.2, q ¼ 0 (panels (a) and (b)
respectively).
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can see that the magnitude of wall shear stress possesses similar
variations in the second and third cycles, Moreover, this oscillation
decaying as the time t increases. We can record that wall shear
stress increases by increasing the volume fraction density of the
particles C also the transmission of the wall shear stress curves
through particle-ﬂuid suspension model is substantially higher
than that through a Newtonian ﬂuid (C¼ 0). Fig. 8b explain that the
variation of the resistance impedance with time nearly three car-
diac cycles has an oscillation form decaying as the time t increases
where the oscillation has reverse trend with respect to the corre-
sponding shape of oscillation in Fig. 8b where the resistance
impedance curves through particle-ﬂuid suspension model is
substantially higher than that through a Newtonian ﬂuid (C ¼ 0).
The effect of the volume fraction density of the particles C on the
pressure drop across the length of the time-variant overlapping
stenosis Dp is displayed in Fig. 9a. At q ¼ 0.3, we can illustrate thatFig. 10. Plot showing streamlines for different values of the volumDp increases by increasing C and the magnitude of the pressure
drop Dp is higher in the case of particle-ﬂuid suspension model
(Cs 0) than that for Newtonian ﬂuid (C ¼ 0). The variation of the
pressure drop across the length of the time-variant overlapping
stenosis Dp with volume ﬂow rate q for different values of the
curvature parameter ε is displayed in Fig. 9b. At C ¼ 0.1, we can
explain that the pressure drop Dp increases as the curvature
parameter ε increases and the magnitude of the pressure drop Dp is
higher in the case of non-curvature artery (εs 0) than that for the
case of curvature artery (ε ¼ 0). Finally, a careful investigation of
this ﬁgure reveals that the relation between Dp and q is found to be
linear (the pressure drop Dp increase by increasing the ﬂow rate q)
and the minimum pressure drop is achieved at zero ﬂow rate.
Trapping represent an interesting phenomenon for the ﬂuid
ﬂow. In the wave frame, streamlines under certain conditions split
to trap a bolus which moves as a whole with the speed of the wave.
The formation of an internally circulating bolus of the ﬂuid bye fraction density of particles C and curvature parameter ε.
Fig. 11. Plot showing streamlines for different values of maximum height of stenosis d* and taper angle f.
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of ﬂuid bounded by a closed streamlines in the wave frame is
transported at the wave. To see the effects of the volume fraction
density of the particles C and the curvature parameter ε on the
trapping, we prepared Fig. 10 for various values of the parameters
(C¼ 0, 0.1, 0.2 with t¼ 0.5, d¼ 0.05, f¼ 0, ε¼ 0.2, q¼ 0, s¼ 0.2 and
ε¼ 0, 0.2, 0.4 with t ¼ 0.5, d¼ 0.05, f¼ 0, C¼ 0.2, s¼ 0.2, q ¼ 0). It
is observed that the trapping appear near the wall of catheter and
streamlines split to trap a bolus toward the wall of stenosis as the
volume fraction density of the particles C increases while the size of
trapping increase gradually near the wall of stenosis by increasing
the the curvature parameter ε. We can conclude that the volume of
trapping bolus is smaller for Newtonian ﬂuid (C ¼ 0) and non-
curvature artery (ε ¼ 0) that than for particle-ﬂuid suspension
model and curvature artery. Finally the effects of the maximum
height of stenosis d* and taper angle f on the trapping are displayed
in Fig. 11 with the following data (d* ¼ 0.05, 0.06, 0.07 with t ¼ 0.5,
C ¼ 0.2, f ¼ 0, ε ¼ 0.2, q ¼ 0, s ¼ 0.2 and f ¼ 0, 0.05, 0.05 with
t ¼ 0.5, C ¼ 0.2, d* ¼ 0.05, ε ¼ 0.2, q ¼ 0, s ¼ 0.2) to show that the
trapping appear and the stream lines seem turbulent near the wall
of catheter where the size of trapping bolus increase clearly by
increasing the maximum height of stenosis d* where the ﬂuid
moves as a bulk. The effect of taper angle f is illustrated also in
Fig. 11 where the size of trapping bolus increases toward the left at
f ¼ 0.05 (diverging tapering artery) and it increases toward the
right at f ¼ 0.05 (converging tapering artery).
5. Concluding remarks
The effect of Suspension model (a two-phase model) for blood
ﬂow through catheterized curved artery with overlapping stenosis
is studied. This study enables one to observe the effects of red cells
concentration on ﬂow characteristics in a catheterized artery.,
Graphical results are presented for the axial velocity of ﬂuid, the
wall shear stress distributions, resistance impedance and trapping.
The main ﬁnding can be summarized as follows: The condition (d=Ro≪1), limits the usefulness of the present
analysis to very early stages of the vessel constriction, which
allows the use of fully developed ﬂow equations and leads to
locally Poiseuille-like ﬂow and closed form solutions.
 The basic ﬂow of the velocity is higher for a Newtonian ﬂuid
(C ¼ 0) than that for a particle-ﬂuid suspension model, further
the transmission of axial velocity curves is higher for non-
curvature artery (ε ¼ 0) than that for curvature one.
 The magnitude of the wall shear stress distribution is higher in
the case of no-stenosis (d*¼ 0) (uniform artery) than that for the
case of stenosed artery. The values of wall shear stress through
the diverging tapered artery (f > 0) are higher than those in the
non-tapered artery (f ¼ 0) and the converging tapered artery
(f < 0) while the resistance impedance gives the reverse trend
of the wall shear stress with respect to the taper angle f where
the blood can ﬂow freely through diverging vessel, which has
less effect of resistance.
 The value of resistance to ﬂow experienced by the ﬂowing blood
in the arterial segment is higher for small arteries that than for
large arteries also the smallest value of resistance impedance
occur in the case of no-stenosis (d* ¼ 0) (uniform artery).
Moreover, the resistance to ﬂow are maximum at the throat of
the stenosis and minimum at the ends of the stenosis,i.e., at the
onset of the normal portion of the arterial segment. An increase
in the size of the stenosis renders resistance to blood ﬂow
through arteries in the brain, heart and other organs of the body.
This may lead to stroke, heart attack and various cardiovascular
diseases.
 The magnitude of the pressure drop Dp is higher in the case of
particle-ﬂuid suspensionmodel (Cs 0) than that for Newtonian
ﬂuid (C ¼ 0), and is higher in the case of non-curvature artery
(ε s 0) than that for the case of curvature artery (ε ¼ 0).
 The trapping appear near the wall of catheter and streamlines
split to trap a bolus toward the wall of stenosis as the volume
fraction density of the particles C increases while the size of
trapping increase gradually near the wall of stenosis by
Kh.S. Mekheimer, M.A. El Kot / Engineering Science and Technology, an International Journal 18 (2015) 452e462462increasing the the curvature parameter ε, this mean that the
volume of trapping bolus is smaller for Newtonian ﬂuid (C ¼ 0)
and non-curvature artery (ε ¼ 0) than that for particle-ﬂuid
suspension model and curvature artery.
 In the overlapping stenotic region, by increasing the maximum
height of the stenosis d*, the stream lines seem turbulent near
the wall of catheter where the ﬂuid moves as a bulk while the
size of trapping bolus increases toward the left at diverging
tapering artery and it increases toward the right at converging
tapering artery.References
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